In this paper, we study an irreversible investment problem under Knightian uncertainty. In a general framework, in which Knightian uncertainty is modeled through a set of multiple priors, we prove existence and uniqueness of the optimal investment plan, and derive necessary and sufficient conditions for optimality. This allows us to construct the optimal policy in terms of the solution to a stochastic backward equation under the worstcase scenario. In a time-homogeneous setting -where risk is driven by a geometric Brownian motion and Knightian uncertainty is realized through a so-called "κ-ignorance" -we are able to provide the explicit form of the optimal irreversible investment plan.
Introduction
The theory of irreversible investment under uncertainty has received much attention in Economics as well as in Mathematics (see, for example, the extensive review in Dixit and Pindyck [17] ). Kenneth Arrow pioneered the analysis in [3] by solving a deterministic irreversible investment problem, while [7] and [32] extend the analysis to a stochastic setting. There, randomness enters the model through a geometric Brownian motion representing an exogenous economic shock, and the firm's profit function is of Cobb-Douglas type. Afterward, several other modeling features have been introduced, such as the presence of jumps in the dynamics of the economic shock (e.g., [9, 10] ), or regime switching models [21] . From a mathematical point of view, optimal irreversible investment problems under uncertainty can be modeled as singular stochastic control problems; in fact, the economic constraint that does not allow disinvestment is well encompassed by thinking of the cumulative investment as a monotone control process. Singular stochastic control problems with applications to irreversible investment have been addressed via different methods ranging from the dynamic programming approach ( [25, 27, 31] , among many others), to the theory of r-excessive mappings [1, 2] , the connection to optimal stopping (e.g., [13, 16] ), and stochastic representation problems [4, 14, 19, 20] .
Recently, Riedel and Su investigated in [33] an irreversible investment problem in a general not necessarily Markovian setting. They proved existence and uniqueness of the optimal investment plan, and constructed it as the minimal investment needed to keep the production capacity above the so-called "base capacity". This is an endogenously determined minimal level of production, and it is mathematically characterized as the solution to a backward equation deriving from first-order conditions for optimality. The kind of backward equation considered in [33] appeared for the first time in [6] (in the context of an optimal consumption problem under intertemporal substitution), and its general mathematical analysis was later developed in [5] .
All the above works are based on the assumption that, although the firm does not know the realization of the future profits, their probability distribution is perfectly known. In this paper we study an irreversible investment problem under Knightian uncertainty (or ambiguity), where the latter is modeled through a set of multiple priors for the profits' distribution. In particular, we assume that the firm is ambiguity-averse and uses a so-called g-expectation in order to evaluate its net profits. The g-expectation, introduced by Peng in [30] , characterizes the nonlinear expectation of a random variable X in terms of (the first component of) the solution to a backward stochastic differential equation (BSDE) with terminal value X and driver g. The advantage of g-expectation is that the Knightian uncertainty is fully characterized by the real-valued function g. In order to reflect the firm's ambiguity aversion we assume that the driver g is concave and, within this setting, we let the firm maximize its g-expected profits, net of the total proportional costs of investment. In our formulation the resulting optimization problem thus takes the form of a singular stochastic control problem under Knightian uncertainty. Indeed, the firm increases the level of the production capacity not necessarily via investment rates; also lump-sum or singularly-continuous interventions are allowed. To the best of our knowledge, this is the first work addressing such a problem.
Our first result establishes existence and uniqueness of the optimal investment plan. As in [33] , this is accomplished by a suitable application of Komlós theorem (in the version of [23] ), upon proving that any feasible investment plan is not larger than the one which is optimal if one neglects the irreversibility constraint.
We then move on by proving necessary and sufficient first-order conditions for optimality. Since we consider the irreversible investment problem under a set of multiple priors P, those conditions involve a subclass of probability measures under which the net expected profits are minimal; these are the so-called worst-case scenarios. Roughly speaking, if the capacity C ⋆ induced by the investment plan I ⋆ satisfies the first-order conditions under a worst-case scenario P ⋆ , then (under suitable conditions) I ⋆ is the optimal investment policy and viceversa. The first-order conditions naturally degenerate into those in [33] when P is a singleton. It is worth pointing out that all the above results, such as existence, uniqueness, and first-order conditions, are beyond the Markovian framework. Moreover, their proofs needed refined technical arguments employing results from BSDEs' theory, and as such they are a non trivial generalization of those in [33] .
Although the previous existence and uniqueness result has a clear mathematical value, it does not provide the structure of the optimal investment plan. Inspired by [33] , we then construct the optimal investment plan as a "base capacity policy"; i.e., in terms of a base capacity process solving a suitable stochastic backward equation deriving from the first-order conditions for optimality. However, differently to [33] , in our problem the optimal base capacity has to be determined together with the probability measure realizing the worst-case scenario for the net profits that are accrued via the optimal base capacity policy. This clearly makes our problem much more involved than the one without Knightian uncertainty.
In order to obtain an explicit expression for the optimal base capacity and its associated optimal investment plan, we specialize our setting to a time-homogeneous one where: the time horizon is infinite, the economic shock driving the profits is a geometric Brownian motion, the profit function is of Cobb-Douglas type, and the nonlinear expectation is the so-called "κignorance" (denoted by E −κ [ · ]). This is one of the most important examples of g-expectation and can be obtained by taking the driver g of the form g(t, z) = −κ|z|. In this case, the gexpectation is a lower expectation, which means that there exists a set of probability measures P κ , such that E −κ [X] = inf P∈Pκ E P [X], for any square-integrable random variable X. More precisely, P κ is the collection of all probability measures P ξ , that are equivalent to a reference one and with Girsanov kernel ξ which is bounded by κ. The advantage of κ-ignorance is that the single parameter κ completely characterizes the degree of ambiguity; i.e., the more ambiguity, the larger κ. Within such a setting, we show via a probabilistic verification theorem that the worst-case scenario is P −κ , under which the economic shock has the lowest drift, and that the optimal investment plan is the one which is optimal under P −κ . By borrowing ideas from [33] , the latter is explicitly constructed by solving the stochastic backward equation for the base capacity under P −κ . With the concrete form of optimal investment plan at hand, we can also show that: (i) the optimal investment is decreasing with respect to the interest rate r; (ii) the optimal investment is increasing in the economic shock; (iii) the firm would like to decrease the scale of investment as it faces more ambiguity.
It is worth pointing out that Nishimura and Ozaki [28] and Thijssen [34] also study an irreversible investment problem under Knightian uncertainty. However, their setting is different from ours. In [28] , it is assumed that there is ambiguity over certain characteristics regarding the operating profits, which are characterized by a geometric Brownian motion, and the decision of the firm is to choose the best entry time into the market so as to maximize its net profits. On the other hand, in [34] the ambiguity is about the discount rate. In fact, both [28] and [34] formulate the problem as an optimal stopping one (see also Section 4.2 in [12] ), rather than as a singular stochastic control problem like ours.
The rest of the paper is organized as follows. In Section 2 we present the setting and formulate the irreversible investment problem. The existence and uniqueness result is then proved in Section 3. Section 4 presents the first-order conditions and then gives the characterization of the optimal investment plan in terms of the base capacity. Some properties of the optimal policy are also discussed in this section. In Section 5 we finally provide the explicit solution to the irreversible investment problem in a time-homogeneous diffusive setting where the Knightian uncertainty is modeled by "κ-ignorance". Appendix A contains an overview on g-expectation, while technical results are collected in Appendices B and C.
Setting and Problem Formulation
In this section, we introduce the irreversible investment problem under Knightian uncertainty which is the object of our study.
Given a fixed time interval [0, T ], we let (Ω, F, F := {F t } t∈[0,T ] , P 0 ) be a complete filtered probability space with filtration satisfying the usual conditions. Throughout this paper, E will be denoting the expectation under P 0 . Let X := {X t } t∈[0,T ] be an F-progressively measurable process taking values in some Banach space E. Here, X can be regarded as an exogenous economic shock, e.g. the demand of a produced good, the state of technological improvement, or macroeconomic conditions. Due to the irreversibility constraint, the firm chooses an investment plan I = {I t } t∈[0,T ] which is a nondecreasing, right-continuous and F-adapted process such that I 0 − = 0 a.s. The production capacity C I := {C I t } t∈[0,T ] associated to an investment plan I evolves as
where δ ≥ 0 is a given depreciation rate. Notice that, by the method of variation of constants, we can write
Here, and in the following, we interpret the integrals with respect to the (random) Borelmeasure dI on [0, T ] in the Lebesgue-Stieltjes sense as T 0 ( · )dI t := [0,T ] ( · )dI t . In such a way, a possible initial jump of the process I (i.e. an initial lump sum investment) is taken into account in the integral. When the economic shock at time t is X t and the level of production capacity is C t , the instantaneous operating profit of the firm is π(X t , C t ). Here, π : E ×R + → R + is a continuous function satisfying the following standing assumption. Assumption 2.1.
(1) For each fixed x ∈ E, π(x, ·) is strictly increasing, strictly concave and continuously differentiable;
(2) For each fixed x ∈ E, the partial derivative π c (x, c) satisfies the so-called Inada conditions; that is, lim c↓0 π c (x, c) = +∞, and lim c↑∞ Remark 3.2. The auxiliary function π ⋆ defines the maximal profit that the company can achieve if the investment plan were perfectly reversible; in fact, in such a case, the marginal operating profit π c equates to the user cost of capital r + δ.
If the operating profit function is of the form π(x, c) = e x c 1−α 1−α , with α ∈ (0, 1), and if X is a Lévy process with bounded positive jumps, then Assumption 3.1 holds true (see Example 2.2 in [33] ).
We can now state the existence and uniqueness result for a solution to problem (2.6). The previous theorem extends Theorem 2.3 in [33] in our general setting under Knightian uncertainty. Since its proof is developed through some auxiliary lemmata, we first discuss its main idea. The uniqueness of the optimal investment plan can be derived from the strict concavity of π(x, ·), the affine structure of the production capacity with respect to the investment, and the strict comparison theorem for g-expectation.
In order to prove existence, a usual argument is to choose a suitable converging subsequence, which should exist by compactness of the set of admissible controls. Then, by the continuity of the payoff functional, the limit of such a subsequence is indeed optimal (whenever admissible). In our case, the main difficulty that we face is that it seems hard to find a topology ensuring at the same time compactness of the admissible set A g and continuity of the payoff functional Π. To overcome this problem, as in [33] we first prove that it suffices to consider only those investment plans whose induced production capacity stays bounded from above by the overall maximal capacity under perfect reversibility (cf. Lemma 3.5 below). The latter is integrable by Assumption 3.1. Then, by choosing a maximizing sequence {I n } n∈N and applying the Komlós' theorem (as in [23] ), we conclude that there exists a subsequence {I n k } k∈N whose arithmetic average suitably converges to some I ⋆ . Finally, it turns out that such I ⋆ is indeed the optimal policy. It thus follows that
Now, standard estimates for BSDEs and the comparison theorem (see [18] and Proposition A.1 in Appendix A)) give that for any I ∈ A g and for some M > 0
where (H1) of Assumption 3.1 has been used. Since the last term on the right-hand side of the latter equation is independent of I ∈ A g , the desired result follows.
We now claim that we can restrict our analysis to those investment plans whose associated capacity is required to be below some overall maximal capacity under perfect reversibility. More precisely, recall c ⋆ solving (3.2) and set
where, for simplicity, we have put c ⋆ s := c ⋆ (X s , r, δ). Note that for any t ∈ [0, T ],
Then the investment plan corresponding to C, i.e.
where π(x, c) := π(x, c) − (δ + r)c is concave with respect to c. Now, on the set of times for
upon recalling that c ⋆ attains the maximum of the concave function π(x, ·) (cf. (3.2)). On the other hand, on the set of times for which C t =C t , it follows that π(X t ,C t ) = π(X t , C t ). This, together with the fact thatC T ≤ C T P-a.s. (hence, P θ -a.s. for any θ ∈ D) finally implies that Π(Ī) ≥ Π(I).
Remark 3.6. Notice that the result of Lemma 3.5 still holds removing the requirement g(t, ω, 0) = 0, for any (t, ω) ∈ [0, T ] × Ω.
We are now finally able to prove Theorem 3.3.
Proof of Theorem 3.3. We first show uniqueness. Assume that I 1 and I 2 are two distinguishable admissible optimal investment plans. Obviously, also I :
is concave and satisfies the strict comparison theorem (cf. Proposition A.1 in Appendix A), we can write
which contradicts the optimality of I 1 and I 2 . Hence, the optimal investment plan is unique (whenever it exists).
We are now in the position to show the existence. By Lemma 3.5, it is sufficient to consider only those I such that I ∈ A g since
Let {I n } n∈N ⊂ A g be a maximizing sequence; that is, such that V ⋆ = lim n→∞ Π(I n ). By Equation (3.6) and noting that I n T ≤ I T for any n ∈ N, we have
for any P θ such that θ is progressively measurable and |θ| ≤ κ.. Applying the Komlós theorem (in the version of [23] ; see [26] for the classical version), we can choose a subsequence, still denoted by {I n } n∈N , such that the induced (optional) Borel-measure on [0, T ] converges in the Cesáro sense weakly to some measure dI ⋆ P θ -a.s.; that is, by Portmanteau Theorem,
for all continuity points of t → I ⋆ t and for t = T P θ -a.s. Since P θ and P 0 are equivalent, the above equation also holds P 0 -a.s. It thus follows that
for all continuity points of t → C I ⋆ t and for t = T P 0 -a.s. Combined with the fact that C I k t ≤ C t P 0 -a.s. for any t ≥ 0 and any k ∈ N, the latter implies that I ⋆ ∈ A g .
Since π(x, ·) and E g [·] are both concave, we have by Jensen's inequality
Recalling now (3.4) and noting that E[ T 0 e −rt |π * (X t , r, δ)| 2 dt] < ∞, we can invoke Fatou's lemma (as in Proposition A.1 in Appendix A) and obtain
which yields that I ⋆ is an optimal investment plan.
Remark 3.7. For any ξ ∈ L 2 (F T ), consider general variational preferences given by
Here, P consists of all the probability measures P equivalent to P 0 and such that
We can then consider the irreversible investment problem where the company has to pick I ⋆ ∈ A such that the following supremum is attained:
where A := I E T 0 e −rt dI t < ∞, I is a nondecreasing, right-continuous and F-adapted process .
Under Assumptions 2.1 and 3.1, all the results previously obtained in this section still hold, possibly with the exception of the uniqueness claim for the solution to (3.7). Indeed, E may not satisfy the strict comparison property. For example, in order to show that the value of (3.7) is finite (cf. Lemma 3.4) one exploits the definition of E and (3.1) and obtains that for
Remark 3.8. We could prove an existence and uniqueness result also for the case T = +∞, by imposing suitable integrability requirements on c ⋆ and π ⋆ (cf. Assumption B.2 and Theorem B.3 in [33] ). We refrain from doing that as a similar result will not be strictly needed in the subsequent analysis. Also, when the setting is time-homogeneous, one might be able to explicitly construct an optimal investment plan, as we show in the case study of Section 5 below.
First-order Conditions and Base Capacity Policies
In this section, we establish necessary and sufficient conditions for the optimality of an investment plan, and we then construct the optimal investment plan with the help of a suitable stochastic backward equation (see also [5] and [33] ).
Recall Proposition 2.3 and for any I ∈ A g we set
As a matter of fact, P g (I) can be interpreted as the collection of all worst-case scenarios for I. The following first-order conditions for optimality then holds. such that the following conditions hold P θ -a.s.:
Here, C ⋆ is the production capacity induced by I ⋆ through (2.1).
Proof. Let I ∈ A g , recall (2.2), and, in order to simplify exposition, set C = C I . Using Proposition 2.3 we have for P θ ∈ P g (I ⋆ ), θ ∈ D,
where Fubini-Tonelli's theorem has been employed. By Theorem 1.33 in [22] and the second equation in (4.1) we obtain that
Also, by the first equation in (4.1) one has
Feeding those last two equations back into (4.2) we find Π(I ⋆ ) ≥ Π(I); that is, I ⋆ is optimal.
Remark 4.2. Consider the irreversible investment problem (3.7) in Remark 3.7. Let I be an admissible investment plan and C I its associated production capacity. Set
Then, an investment plan I ⋆ is optimal if it is admissible and there exists some P ∈ P(I ⋆ ) such that P-a.s.:
We now prove that the first-order conditions (4.1) are also necessary for optimality under an additional assumption on the driver g. For the detailed proof, we may refer to Appendix B.
Theorem 4.3. Suppose that Assumptions 2.1, 3.1 and Assumption 2.2 (i)-(iii) hold. Furthermore, assume that g satisfies the following condition:
(v) For each ω ∈ Ω, t ∈ [0, T ] and z ∈ R, the equation g(t, ω, z) − xz = f (t, ω, x) admits a unique solution x ∈ [−κ, κ], denoted by x(t, ω, z). Furthermore, z → x(t, ω, z) is continuous, for any (t, ω) ∈ [0, T ] × Ω. Suppose that for any constant a > 0 and for any t ∈ [0, T ], one has E |π c (X t , a)| 2 < ∞. If an investment plan I ⋆ is optimal for problem (2.6), then there exists some P θ ∈ P g (I ⋆ ) such that the following conditions hold P θ -a.s.:
Remark 4.4.
(1) The proof of the necessity of the first-order condition needs a careful and technical extension of the results in [6] in order to accommodate our multiple-priors setting. In particular, it requires estimates for BSDEs and condition (v) above (see Lemma B.2). That is the main reason why we cannot extend the necessary conditions to the general variational preferences, as instead we do for the sufficient conditions in Remark 4.2.
(2) The requirement E[|π c (X t , a)| 2 ] < ∞, for any a > 0 and t ∈ [0, T ], holds for the separable operating profit function discussed in Remark 3.2.
Motivated by the analysis of [33] and the sufficiency of the first-order conditions for optimality, we can now establish an appropriate construction for the optimal investment plan. A key building block is the so-called base capacity which induces the minimal production capacity that the firm would keep. In other words, if the capacity is greater than the minimal one, no more investment would be made. If capacity is below the minimal one, the firm should invest "just enough" in order to reach the minimal level.
Definition 4.5 (cf. Definition 3.1 in [33] ). For a given optional process ℓ and depreciation rate δ ≥ 0,
is the capacity that tracks ℓ at depreciation rate δ. Setting
the investment plan that finances C ℓ,δ is denoted by I ℓ,δ and it is such that We call I ℓ,δ the base capacity policy with depreciation rate δ and base capacity {ℓ t } t∈[0,T ] .
Due to ambiguity, the irreversible investment problem is considered under multiple priors {P θ , θ ∈ D} (cf. Proposition 2.3). Therefore, the base capacity changes if one chooses a different belief P θ . We shall see below that, in order to obtain an explicit description for the optimal policy of (2.6), we are faced with the problem of finding a probability measure P θ and an F-progressively measurable process ℓ P θ := ℓ θ such that: (i) ℓ θ is a solution to a suitable backward equation under P θ and, at the same time, (ii) under P θ the net expected profit resulting from an implementation of the base capacity policy I ℓ θ ,δ is minimal. for all t < T . Let C ℓ θ ,δ be the capacity that tracks ℓ θ at depreciation rate δ and I ℓ θ ,δ be the base capacity policy with depreciation rate δ and base capacity ℓ θ . Then I ℓ θ ,δ is optimal for the irreversible investment problem (2.6) if it is admissible and
Proof. For the existence and uniqueness of the solution to backward equation (4.6), we may refer to the proof of Theorem 3.2 in [33] . In fact, Bank and El Karoui [5] study this kind of backward equation in a more general setting.
To complete the proof, it suffices to show that C ℓ θ ,δ satisfies the sufficient first-order conditions (4.1). Note that π is strictly concave in its second variable and It thus follows that
That is, the first equation of (4.1) is satisfied.
In particular, if t belongs to the support of the random Borel-measure dI ℓ θ ,δ t , for any s ≥ t, we have
and therefore also the second of (4.1) holds.
Remark 4.7. Consider the general irreversible investment problem (3.7) in Remark 3.7. Let ℓ P be the solution to (4.6) under probability P ∈ P and let C ℓ P ,δ , I ℓ P ,δ be, respectively, the capacity and investment policy associated to base capacity ℓ P and depreciation rate δ. Then I ℓ P ,δ is optimal for (3.7) if I ℓ P ,δ ∈ A and P ∈ P(I ℓ P ,δ ), where P(I ℓ P ,δ ) is given in Remark 4.2.
In the following, we provide some interesting properties of the optimal investment plan. First of all, Proposition 4.9 below can be viewed as a "martingale optimality principle": that is to say, an investment plan which is optimal at the original time is its best continuation at any time afterwards.
Before proceeding, we need some preliminary definition and material. 
Given the optimal investment plan I ⋆ for (2.6), let S ∈ T 0,T . We set A S (I ⋆ ) := I I is nondecreasing, right-continuous and F-adapted,
Proposition 4.9. Suppose that Assumptions 2.1, 2.2 and 3.1 hold. Furthermore, assume that g is super-additive. Let I ⋆ be optimal for (2.6), recall (4.8), and consider then the optimal irreversible investment problem (4.9) V S := ess sup
Then, V S , S ∈ T 0,T is an E g -supermartingale in the strong sense. Moreover, I ⋆ is also optimal for (4.9).
Proof. We start by proving the supermartingale property. We prove it only for deterministic times, since the proof for stopping times is similar. For simplicity, Let
Now for any 0 ≤ s ≤ t ≤ T , we claim that there exists a sequence {I n } n∈N ⊂ A t (I ⋆ ) ⊂ A s (I ⋆ ) such that E g t [J (I n )] is increasing in n and
Such a claim is actually a consequence of Lemma 4.10 below. By Proposition A.2 it follows
We now move one by showing the second claim of the proposition; that is, the optimal investment plan for problem (2.6), I ⋆ , is also optimal for (4.9). Arguing as in the proof of Theorem 3.3, we can show that there exists a unique investment plan I S,⋆ which is optimal for problem (4.9).
Suppose now that I S,⋆ and I ⋆ are distinguishable on [S, T ]. Then we have
, which, by the strict comparison theorem for g-expectation (cf. Proposition A.1 in Appendix A), gives
. Hence a contradiction is reached since I S,⋆ ∈ A g and the proof is complete. Proof. We first show that the family E g t J (I)], I ∈ A t (I ⋆ ) is upwards directed. For any
It is easy to check that I ∈ A t (I ⋆ ) by the super-additivity of g.
By (2.1), we obtain that C I = C I 1 1 A + C I 2 1 A c . Then, Assumption 2.1-(3) implies that π(X t , C I Assuming that the economic shock X is deterministic, we may conjecture that the optimal policy is deterministic as well. It means that, when the firm has full knowledge about the future economic conditions, also the investment plan is certain. This is in fact proven in the next proposition. and assume that X is deterministic and such T 0 |h(X t , ℓ)|dt < ∞ for any ℓ ∈ R. Suppose also that the driver g satisfies Assumption 2.2.
Then, the optimal investment plan is also deterministic.
Proof. By Theorem 2 in [5] , there exists a unique function ℓ ′ :
For any θ ∈ D, set ℓ θ t = − e −(r+δ)t ℓ ′ t . Let C ℓ θ ,δ be the capacity that tracks ℓ θ at depreciation rate δ, and I ℓ θ ,δ be the base capacity policy with depreciation rate δ and base capacity ℓ θ . Clearly, being ℓ ′ deterministic, also all the above processes are deterministic. Moreover,
However, it also holds that
where we have used the constant preserving property for the g-expectation in the first equality. Hence, the desired result then follows from Theorem 4.6. (ii) under P 0 ,
Explicit Solution in an Homogeneous
for some b ∈ R and σ > 0;
(iii) g(t, z) = −κ|z|, for any (t, z) ∈ R + × R and for some κ > 0.
(iv) π(x, c) = 1 1−α x α c 1−α , for some elasticity α ∈ (0, 1).
Notice that condition (v) above is consistent with the condition proposed in [33] (see Example 7.3 therein), that can indeed be obtained by taking κ = 0.
Our approach will be to exploit the sufficiency of the first-order conditions for the optimality (that actually also holds for T = +∞; cf. Theorem 4.1) and construct a candidate optimal solution with the help of a suitable stochastic backward equation in the spirit of Theorem 4.6. Let Ξ κ = {ξ t } t≥0 ξ is F-progressively measurable and |ξ t | ≤ κ, ∀t ≥ 0 P 0 -a.s. , and for any ξ ∈ Ξ κ and t ≥ 0 set
The latter process defines a probability measure P ξ such that dP ξ dP 0 Ft = ǫ ξ t . In the following, we will denote by E ξ the expectation under P ξ , for any given ξ ∈ Ξ κ . Finally, let A ∞ κ be the collection of all nondecreasing, right-continuous and F-adapted processes I such that I 0 − = 0 and
Within such a framework our aim is to solve
where, as usual, C c,I is the production capacity induced by any admissible investment plan I with initial capacity c (cf. (2.2), but now with δ = 0; i.e. C c,I t = c + I t ).
In fact, Ξ(I) can be regarded as the collection of worst-case kernels for the given investment plan I. Similarly to Theorem 4.1 and Theorem 4.6 (whose proofs indeed do hold also for T = ∞), we have the following results. Theorem 5.4. For each ξ ∈ Ξ κ , let {ℓ ξ t } t∈[0,T ] be the unique F-progressively measurable process such that it solves the following backward equation
for all t ≥ 0. Let C c,ℓ ξ := C c,ℓ ξ ,0 be the capacity that tracks ℓ ξ at depreciation rate δ = 0 with initial value c and I ℓ ξ := I ℓ ξ ,0 be the base capacity policy with depreciation rate δ = 0 and base capacity ℓ ξ . Then I ℓ ξ is optimal for the irreversible investment problem (5.1) if it is admissible and ξ ∈ Ξ(I ℓ ξ ); that is,
5.2.
Solving Problem (5.1). For any x > 0, c ≥ 0, let
where A −κ is the set of all nondecreasing, F-adapted, right-continuous processes such that
Denote by I ⋆,−κ the corresponding optimal policy and by C ⋆,−κ,c the induced optimal capacity. We shall prove that
Our plan is now the following:
(1) Solve problem (5.5) and then show that I ⋆,−κ ∈ A ∞ κ . This is accomplished in Section 5.2.1 below.
(2) Show, via a probabilistic verification argument, that (5.6) indeed holds. This is done in Section 5.3 below.
5.2.1.
Solving (5.5) . Notice that under P −κ , the process X x of Assumption 5.1-(ii) is still a geometric Brownian motion, but with drift b − σκ; that is, under P −κ one has for any t ≥ 0
where, for any T > 0, B −κ t := B t + κt, t ∈ [0, T ], is a Brownian motion under P −κ according to Girsanov theorem.
In order to determine the optimal irreversible investment plan for problem (5.5) we can rely on the result of Proposition 7.1 in [33] , where (5.5) is solved under the more general case of an exponential Lévy dynamics for the process X. In particular, the following holds. is optimal for problem (5.5),and the induced optimal production capacity is
Notice that the irreversible investment plan I ⋆,−κ is such that
It is also easy to see from (5.7) that (cf. [8] )
where τ r is an independent random time, exponentially distributed with parameter r,
Remark 5.6.
(1) By Lemma 3.5 we know that the optimal investment plan I ⋆,−κ should be such that the corresponding capacity C ⋆,−κ,c is not larger than C, where C t = c + sup 0≤s≤t c ⋆ s , with c ⋆ s satisfying π c (X x s , c ⋆ s ) = r, s ≥ 0. It is easy to see that in our setting c ⋆ s = X x s r 1/α . Since K α ≤ 1 r , it readily follows that C ⋆,−κ,c ≤ C as desired.
(2) It is easy to check that K from (5.12) is decreasing with respect to the interest rate r.
Therefore, such is the optimal investment plan under P −κ as well.
The following lemma shows that the investment plan I ⋆,−κ induced by the base capacity ℓ −κ is admissible for the initial problem (5.1); i.e., it belongs to A ∞ κ . Lemma 5.7. Under Assumption 5.1, we have
an integration by parts gives 
we can continue from (5.14) and write
Let now τ r be an independent exponentially distributed random time with parameter r and β + := β + (κ) be the largest solution to the equation 1 2 σ 2 β 2 + (b − 1 2 σ 2 + σκ)β − r = 0. Notice that, by Assumption 5.1, β + > 1. Then, by Equation (1.1.1) in [8] , we can write
The latter, together with (5.15), imply
By arguments similar to those employed in the proof of Lemma 4.9 in [6] , we also obtain that (5.17) lim
which together with (5.13) and (5.16) give
Therefore, I ⋆,−κ belongs to A ∞ κ .
We now move on by determining the expression for v(x, c). For this we slightly generalize the results of Proposition 7.2 in [33] to the case in which c is not necessarily null as assumed therein. The detailed proof can be found in Appendix C.
Proposition 5.8. The value function of problem (5.5) is such that v ∈ C 2,1 (R + × [0, ∞); R) and it is given by
Remark 5.9.
(1) Since I ⋆,−κ is optimal for problem (5.5), one can write
Then, recalling equations (5.8) and (5.9), it is easy to check that for any positive constant a we have v(ax, ac) = av(x, c), where the homogeneity of the Cobb-Douglas profit function has also been employed. (2) Because the economic shock X x is linear with respect to x (being a geometric Brownian motion), and x → π(x, c) is increasing, it is easy to see from (5.5) that v x (x, c) ≥ 0 for any (x, c) ∈ R + × [0, ∞). This observation will be of fundamental importance in the proof of Theorem 5.11 below.
5.3.
Verifying that P −κ is the worst-case scenario. For any ξ ∈ Ξ κ given and fixed, define for any t ≥ 0,
where I ⋆,−κ and C ⋆,−κ,c are as in (5.8) and (5.9) . We shall prove in Theorem 5.11 below that, for any ξ ∈ Ξ κ , one H ⋆,ξ 0 ≥ H ⋆,−κ 0 . The next technical result will be needed in order to accomplish that. Since |ξ s | ≤ κ for any s ≥ 0, we have for any ξ ∈ Ξ κ
where Girsanov theorem has also been used. By Assumption 5.1-(v), we may choose ε small enough such that 2(1 − ε)r > σ 2 + κ 2 + 2(2σκ + b), which in turn gives
By Itô's isometry and similar arguments as those employed above one can also show that
The proof is then complete.
We can now prove the main result of this section ensuring that P −κ realizes the worst case scenario.
Theorem 5.11. Recall (5.19) . For any ξ ∈ Ξ κ , we have H ⋆,ξ 0 ≥ H ⋆,−κ 0 . Hence, (5.6) holds and P −κ is the worst case scenario.
5.3.1.
Properties of the Optimal Solution. By Theorem 5.5, the optimal base capacity is determined by the economic shock X, the interest rate r and the parameter κ. In fact, κ reflects the ambiguity faced by the agent. Roughly speaking, the larger κ, the more ambiguity. In this subsection, we study how the optimal base capacity depends on these parameters.
Then, for any two constant ξ 1 , ξ 2 such that ξ 1 ≤ ξ 2 , we have K ξ 1 ≤ K ξ 2 .
Proof. By the Tonelli's theorem, we have
By changing measure and applying Girsanov Theorem
It is easy to check that f (s, ξ) is increasing in ξ. The proof is complete.
Remark 5.13. Consider another irreversible investment problem in which now the economic shock is given by Y evolving as dY y t = µY y t dt + σY y t dB t , Y y 0 = y. The base capacity corresponding to the economic shocks X and Y are denoted by ℓ X and ℓ Y , respectively. Now, if x ≤ y and b ≤ µ, we know that X x t ≤ Y y t , for any t ≥ 0. By Theorem 5.5, we have ℓ X = K X X x t and ℓ Y = K Y Y y t , where
Applying the arguments of the proof of Lemma 5.12 yields that K X ≤ K Y . Consequently, we have ℓ X ≤ ℓ Y .
Remark 5.14. Consider now the irreversible investment problem
where κ 1 ≤ κ 2 . It is natural to conjecture that when the firm faces more ambiguity, the scale of investment would be decreased. Lemma 5.12 indeed implies that the constant K ξ is increasing in ξ. Hence, the conjecture follows easily from Theorem 5.5.
Appendix B.
In this Appendix we prove Theorem 4.3; that is, the necessity of the first-order conditions for optimality.
As in [6] , the proof will be divided into the following steps. First, we introduce a suitable linear problem and we characterize its solutions. Second, we show, by a perturbation method, that the optimal investment plan to (2.6) also solves a linear optimization problem. We shall see that, because of our setting under Knightian uncertainty, some of the arguments in [6] needed a careful, technical, and not immediate extension (see, in particular, Lemmata B.2 and B.3 below).
Lemma B.1. Let φ be a right-continuous and F-adapted process, P a probability measure on (Ω, F), which is equivalent to P 0 , and denote by E the expectation under P. Suppose that I * is optimal for the linear optimization problem
where
. Then, we have φ t ≤ 0 for all t, P 0 -a.s. and
Proof. Clearly, since A ′ ∋ I ≡ 0 is a priori suboptimal, one has
To show the reverse inequality, suppose that there exists t o ∈ [0, T ] such that ess sup ω∈Ω φ to (ω) > 0. Then, since φ is adapted, there exists ε > 0 and Q ∈ F to with P 0 (Q) > 0 such that φ to ≥ ε on Q. Noting that P is equivalent to P 0 , we have P(Q) > 0. Considering then the adapted, nondecreasing processÎ t := I * t + 1 Q×[to,T ] ,Î 0 − = 0, one easily finds thatÎ ∈ A ′ and
thus contradicting the optimality of I * . Hence, φ t ≤ 0 for all t, P 0 -a.s. and (B-2) follows.
Before we establish that the optimal irreversible investment plan for problem (2.6) also solves a linear problem like (B-1), we need the following technical result based on the continuity of g and some estimates for BSDEs. Then, there exists a family of F-progressively measurable processes {ζ n } n∈N ⊂ D and ζ ∈ D such that -denoting by P n and P the probability measures with Girsanov kernel ζ n and ζ (with immediately at time 0; i.e., I ⋆ 0 > 0. It thus follows that, there exists some constant c 0 > 0, such that C ⋆ t ≥ c 0 and C ε t ≥ 1 2 C ⋆ t ≥ c 0 for any t ∈ [0, T ], when ε ≤ 1 2 . Noting that π is concave in its second component, we have π(X t , C ε t ) − π(X t , C ⋆ The claim of Theorem 4.3 finally follows by combining the results of Lemma B.1 and Lemma B.3 (upon identifying P = P ⋆ , φ t = φ ⋆ t (which is adapted and right-continuous due to the right-continuity of F), and I * = I ⋆ in Lemma B.1).
Appendix C.
The proof of Proposition 5.8 will be obtained with the help of several auxiliary lemmata. For simplicity, set Y t := (b − 1 2 σ 2 )t + σB t . Then the economic shock can be written as X x t = x exp(Y t ). Under P −k , Y is a Lévy process (a Brownian motion with drift, in fact). We denote its Laplace exponent under P −κ by φ; in particular, this is given by
Then M λ t := exp(λY t − φ(λ)t) is a martingale under P −κ and induces a new measure Q which is equivalent to P −κ on (Ω, F t ), t ≥ 0 (note that in the following we shall always work under P −κ here, not under our reference measure P 0 ). Under Q, Y is also a Lévy process and we denote its Laplace exponent under Q by φ Q .
Lemma C.1. We have φ Q (λ) = φ(λ + α) − φ(α).
Proof. By definition of the Laplace exponent, we have exp(φ Q (λ)) = E Q exp(λY 1 ) = E −κ exp(λY 1 + αY 1 − φ(α)) = exp(φ(λ + α) − φ(α)).
Observing that (X x t ) α = x α e αYt = x α e αYt−φ(α)t e φ(α)t = x α M α t e φ(α)t , the gross profit can be rewritten under P −κ in the following way To give explicit expressions for the two expectations above, we will use the fact that the running maximum of a Brownian motion stopped at an independent exponential time is exponentially distributed (see, e.g., [8] ). Let us recall two useful facts.
Lemma C.2. Denote by Y * the running maximum of Y .
(1) Y * τr is exponentially distributed under P −κ with parameter λ > 0 that solves φ(λ) = r. (2) Y * τ is exponentially distributed under Q with parameter µ = λ − α.
Proof. We only need to prove the second assertion, as the first one can be found in [8] . Note that Y * τ is exponentially distributed under Q with parameter µ > 0 that solves φ Q (µ) =r = r − φ(α) = φ(λ) − φ(α).
Lemma C.1 yields the result. Next, let us compute the gross profit. It is given by
where we have used Lemma C.3 and Lemma C.2 in the third and the fourth equality, respectively. Note that the first term in the sum describes the profit that the agent obtains by never investing at all. The second term thus describes the profit from the additional investment. For the net profit, we thus obtain for any c > Kx v(x, c) = x α c 1−α (1 − α)r
Finally, the claimed regularity of v follows by direct calculations exploiting the definition of K (cf. (5.12) ).
